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Basic Model of Computation

Arithmetic Circuits

m Arithmetic circuits are model for
computing polynomials.

2

f(x1, 22,23, 24) = (221 + 3x2 + 5x3 + 524) (22 + 23)
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Basic Model of Computation

Arithmetic Circuits

5 m Size of the circuit is the number of
nodes.

2

f(x1, 22,23, 24) = (221 + 3x2 + 5x3 + 524) (22 + 23)
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Basic Model of Computation

Arithmetic Circuits

9 m Monotone Circuits : Only
non-negative scalars are allowed on

@ @ @ @ edges. They naturally compute

monotone polynomials.

f(x1, 22,23, 24) = (221 + 3x2 + 5x3 + 524) (22 + 23)
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Basic Model of Computation

Monotone Computation

Important monotone
polynomials:
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Basic Model of Computation

Monotone Computation

Important monotone
polynomials:

Sok = Y_ [[

S€([n] i€S
|S|=k
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Basic Model of Computation

Monotone Computation

Important monotone
polynomials:

Sok = Y_ [[

S€([n] i€S
|S|=k

Permy, s, = Z ﬁw@-,o(i)

€Sy i=1
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Basic Model of Computation

Monotone Computation

Monotone circuits are universal for

Important monotone monotone polynomials.
polynomials:
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Basic Model of Computation

Monotone Computation

Important monotone
polynomials:

Soe= 3" [

S€[n] €S
[S|=k

n
Permnxn = Z Hxiﬁ(i)

€Sy 1=1
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Basic Model of Computation

Monotone Computation

Important monotone
polynomials: Sp.k has an efficient monotone circuit.

Soe= 3" [

S€[n] €S
[S|=k

n
Permnxn = Z Hxiﬁ(i)

oSy i=1
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Basic Model of Computation

Monotone Computation

Important monotone
polynomials: Sp.k has an efficient monotone circuit.

Sn,k = Z sz

S€[n] i€S
|S|=k 60 o
[ | . . .
L Tn—k4+1Tn—k+2 o o
Pel’man = E Hxip'(i)
oSy i=1
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Basic Model of Computation

Monotone Computation

Important monotone

polynomials:
— m Number of variables in Perm,,«,
is n2.
Su= Y T
S€[n] €S
[S|=k
(]

n
Permnxn = Z Hxiﬁ(i)

€Sy 1=1
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Basic Model of Computation

Monotone Computation

Important monotone

polynomials:
— m Number of variables in Perm,,«,
is n2.
Sk =D [
S €S
|sf[:n/l © m Ckt™ — size(Perm; x,) > 22
[

n
Permnxn = Z Hxi,a(i)

€Sy 1=1
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Basic Model of Computation

Monotone Computation

Important monotone
polynomials:
[

Soe= 3" [

S€[n] €S
[S|=k

n
Permnxn = Z Hxi,a(i)

€Sy 1=1

m Number of variables in Perm,,«,

is n2.

m Ckt™ — size(Perm; x,) > 22

m The known u.b. for Perm,,«,, is
90(nlogn)

Arkadev C., Rajit D., Utsab G., Partha M. () Monotone Complexity of ST Polynomial March 31, 2023



Basic Model of Computation

Monotone Computations

Is there a monotone polynomial on n variables that has monotone circuit
lower bounds of 24" je. ?
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Basic Model of Computation

Monotone Computations

Is there a monotone polynomial on n variables that has monotone circuit
lower bounds of 24" je. ?

RENELS

Perm is not a candidate.
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Strongly Exponential Lower Bound Against Monotone Circuits

Strongly Exponential Lower Bound Against
Monotone Circuits
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Strongly Exponential Lower Bound Against Monotone Circuits

Known Results

Strongly exp. lower bound
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Strongly Exponential Lower Bound Against Monotone Circuits

Known Results

Strongly exp. lower bound

m Gashkov-Sergeev (80's).

m Raz-Yehudayoff (2009).

Srinivasan (2019)
m Cavalar-Kumar-Rossman (2020).

m Hrubes-Yehudayoff (2021)
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Strongly Exponential Lower Bound Against Monotone Circuits

Known Results

Strongly exp. lower bound

m Gashkov-Sergeev (80's).

m Raz-Yehudayoff (2009). All polynomials are in VNP.

Srinivasan (2019) Polynomials in VP 7
m Cavalar-Kumar-Rossman (2020).

m Hrubes-Yehudayoff (2021)
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Strongly Exponential Lower Bound Against Monotone Circuits

Known Results

m Valiant
(1979).

m Jerrum-

Snir
(1982).
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Strongly Exponential Lower Bound Against Monotone Circuits

Known Results

m Valiant
(1979).
Ckt-Fsize(f,) > 220Vn).

m Jerrum-
Snir
(1982).

Arkadev C., Rajit D., Utsab G., Partha M. () Monotone Complexity of ST Polynomial March 31, 2023



Strongly Exponential Lower Bound Against Monotone Circuits

Known Results

m Valiant
(1979).
Ckt-Tsize(f,) > 2%V, fn € VP.

m Jerrum-
Snir
(1982).
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Strongly Exponential Lower Bound Against Monotone Circuits

Known Results

CIAVEIET
(1979).

m Jerrum-
Snir
(1982).

Ckt-size(f,) > 20Vn),

fn € VP.

Any strongly exp. monotone
lower bound for VP
polynomial ?
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Strongly Exponential Lower Bound Against Monotone Circuits

Known Results

m Valiant
(1979).

m Jerrum-
Snir
(1982).

Ckt-size(f,) > 220Vn),

fn € VP.

Any strongly exp. monotone
lower bound for VP
polynomial 7

Yes!(Our result)
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Strongly Exponential Lower Bound Against Monotone Circuits

Our Result

Theorem:

The Spanning tree polynomial defined for a family of constant degree ex-
pander graphs on n vertices requires monotone circuits of size Pt
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Strongly Exponential Lower Bound Against Monotone Circuits

Our Result

Theorem:

The Spanning tree polynomial defined for a family of constant degree ex-
pander graphs on n vertices requires monotone circuits of size Pt

RENEILS

m Number of variables in our polynomial is ©(n).
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Strongly Exponential Lower Bound Against Monotone Circuits

Our Result

Theorem:

The Spanning tree polynomial defined for a family of constant degree ex-
pander graphs on n vertices requires monotone circuits of size Pt

RENEILS

m Number of variables in our polynomial is ©(n).

m First strongly exp. monotone |.b for VP.
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Strongly Exponential Lower Bound Against Monotone Circuits

What is Spanning Tree Polynomial 7

Z3,2
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Strongly Exponential Lower Bound Against Monotone Circuits

What is Spanning Tree Polynomial 7

Z3,2

L] ST3 =
T21 231 +223 %31 +T32°T21.
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Strongly Exponential Lower Bound Against Monotone Circuits

What is Spanning Tree Polynomial 7

Z3,2

L] ST3 =
T21 231 +223 %31 +T32°T21.

B 212232 IS not a monomial in
STj3.
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Strongly Exponential Lower Bound Against Monotone Circuits

What is Spanning Tree Polynomial 7

n G=(V,E),|V|=nis
bi-directed.
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Strongly Exponential Lower Bound Against Monotone Circuits

What is Spanning Tree Polynomial 7

n G=(V,E),|V|=nis
bi-directed.

m T is the set of maps from
[2,...,n] to [n] that gives
spanning tree rooted at 1.

Z3,2

L] ST3 =
T21 %31 +T23-T31+x32 %21.

B 212232 IS not a monomial in
STj3.
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Strongly Exponential Lower Bound Against Monotone Circuits

What is Spanning Tree Polynomial 7

n G=(V,E),|V|=nis
bi-directed.

m T is the set of maps from
[2,...,n] to [n] that gives
spanning tree rooted at 1.

Z3,2 m ST, = per [ i T3 0(i)

L] ST3 =
T21 %31 +T23-T31+x32 %21.

B 212232 IS not a monomial in
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Strongly Exponential Lower Bound Against Monotone Circuits

What is Spanning Tree Polynomial 7

n G=(V,E),|V|=nis
bi-directed.

m T is the set of maps from
[2,...,n] to [n] that gives
spanning tree rooted at 1.

Z3,2 m STy, =) ger [T, Li,6(i)
m ST3 = m U.b : Via determinantal
T,1 - 3,1 T 22,3 3,1 T+ L32°L2]- computation using Matrix Tree
B 212232 IS not a monomial in Theorem
STs.
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Strongly Exponential Lower Bound Against Monotone Circuits

Set-multilinear Polynomial

To1 22 - Tanp
31 32 ' T3n
T4l T42 cc Tan

)

Tn,1l Tn2 *°° Tnn

n—1xn
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Strongly Exponential Lower Bound Against Monotone Circuits

Set-multilinear Polynomial

™ i{2,n] —> [n]
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21 %22
3,1 23,2
T41 T42
Tn,1 Tn,2

- T2n

Z3,n
T4,n

)
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Strongly Exponential Lower Bound Against Monotone Circuits

Set-multilinear Polynomial

To1 22 - Tanp
31 32 ' T3n
T4l T42 cc Tan

)

\

Tn,1l Tn2 *°° Tnn

™ i{2,n] —> [n]

[Tizs i

n—1xn
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Strongly Exponential Lower Bound Against Monotone Circuits

Set-multilinear Monotone Structure Theorem

For set-multilinear monotone polynomial f

T the Ti1 T2 ot Tim
[ _ n
cr(f) =5 T21 T22 L)
S+1 T31 Z32 © T3m)
f=2200 o
Tnl Tn2 © Tpn)
with both a; and B¢ are monotone —

V¢ and

(), [1(5:)] € [g%n} -
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Strongly Exponential Lower Bound Against Monotone Circuits

Set-multilinear Monotone Structure Theorem

For set-multilinear monotone polynomial f

T the Ti1 T2 ot Tim
[ _ n
cr(f) =5 T21 T22 L)
S+1 T31 Z32 © T3m)
f=2200 o
Tnl Tn2 © Tpn)
with both a; and B¢ are monotone —

V¢ and

2n

|T(cw)|, | L(Be)] € {%,?} < Nearly Balanced Partition
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Strongly Exponential Lower Bound Against Monotone Circuits

Proof Idea of Result

1
u STn = Zf:l ag - bt.

m The measure is counting
spanning tree
monomials.

m The non spanning tree
monomials are forbidden.
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Strongly Exponential Lower Bound Against Monotone Circuits

Proof Idea of Result

1
] STn = Zf:—i_l ag - bt.

m The measure is counting m Using Expander Mixing lemma on a d
spanning tree regular expander graph, 3 C'; s.t.
monomials. |mon(ay - b)| < (C1d)"~! for any t.

m The non spanning tree
monomials are forbidden.
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1
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m The measure is counting m Using Expander Mixing lemma on a d
spanning tree regular expander graph, 3 C'; s.t.
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m The non spanning tree m Using Matrix Tree theorem 3 (5 s.t.
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Strongly Exponential Lower Bound Against Monotone Circuits

Proof Idea of Result

1
] STn = Zf:—i_l ag - bt.

m The measure is counting m Using Expander Mixing lemma on a d
spanning tree regular expander graph, 3 C'; s.t.
monomials. |mon(ay - b)| < (C1d)"~! for any t.

m The non spanning tree m Using Matrix Tree theorem 3 (5 s.t.
monomials are forbidden. |mon(ST,,)| > (Cad)™ L.

m Oy >20 = S > 200
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e-Sensitive Monotone Lower Bound

e-Sensitive Monotone Lower Bound

Arkadev C., Rajit D., Utsab G., Partha M. () Monotone Complexity of ST Polynomial March 31, 2023



e-Sensitive Monotone Lower Bound

Basic Question

Problem

Can monotone |.b yield general circuit lower bound ?
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e-Sensitive Monotone Lower Bound

Basic Question

Problem

Can monotone |.b yield general circuit lower bound ?

Remark

Boolean world : Slice function (Valiant 1986)
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e-Sensitive Monotone Lower Bound

Arithmetic World: Approach of Hrube$

Problem

Is there a hard polynomial f s.t. for every e > 0, the polynomial
ge = E+ e f has large monotone complexity ?
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Is there a hard polynomial f s.t. for every e > 0, the polynomial
ge = E+ € f has large monotone complexity 7 E — Easy for monotone.
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e-Sensitive Monotone Lower Bound

Arithmetic World: Approach of Hrube$

Problem

Is there a hard polynomial f s.t. for every e > 0, the polynomial
ge = E+ € f has large monotone complexity 7 E — Easy for monotone.

m Hrubes (2020): if E= (1 + > ., ;)" then strong monotone |.b on g, for
every sufficiently small e > 0 = general circuit lower bound on f.
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e-Sensitive Monotone Lower Bound

Arithmetic World: Approach of Hrube$

Problem

Is there a hard polynomial f s.t. for every e > 0, the polynomial
ge = E+ € f has large monotone complexity 7 E — Easy for monotone.

m Hrubes (2020): if E= (1 + > ., ;)" then strong monotone |.b on g, for
every sufficiently small e > 0 = general circuit lower bound on f.

mex1/2%.
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e-Sensitive Monotone Lower Bound

Arithmetic World: Approach of Hrube$

Problem

Is there a hard polynomial f s.t. for every e > 0, the polynomial
ge = E+ € f has large monotone complexity 7 E — Easy for monotone.

m Hrubes (2020): if E= (1 + > ., ;)" then strong monotone |.b on g, for
every sufficiently small e > 0 = general circuit lower bound on f.

mex1/2%.

m E=]], Z;”:l x;; —> general set-multilinear circuit |.b against f.
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e-Sensitive Monotone Lower Bound

Some Remark About the Approach

m If ¢ = 0 then g, has trivial monotone circuit.
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e-Sensitive Monotone Lower Bound

Some Remark About the Approach

m If ¢ = 0 then g, has trivial monotone circuit.

m Monomial support of (1+ > 1" | ;)" +€- f is full. So any support-based I.b
technique fails.
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e-Sensitive Monotone Lower Bound

Some Remark About the Approach

m If ¢ = 0 then g, has trivial monotone circuit.

m Monomial support of (1+ > 1" | ;)" +€- f is full. So any support-based I.b
technique fails.

E.g. Our previous technique fails.

We Use techniques from Communication Complexity.
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e-Sensitive Monotone Lower Bound

Results on e-Sensitive Monotone Lower Bounds

m C.D.M (2021): First e-sensitive monotone |.b against a VNP polynomial
family {f,} with e > 2=9(/"),
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Results on e-Sensitive Monotone Lower Bounds
m C.D.M (2021): First e-sensitive monotone |.b against a VNP polynomial
family {f,} with e > 2-9(/"),
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e-Sensitive Monotone Lower Bound

Results on e-Sensitive Monotone Lower Bounds

m C.D.M (2021): First e-sensitive monotone |.b against a VNP polynomial
family {f,} with e > 2-9(/"),

m Can we show this for VP polynomial ?

Theorem:

The Spanning Tree polynomials for complete graph on n vertices require
exponential size e-sensitive monotone lower bound in the set-multilinear
setting for e > 2-2(Vn) |
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e-Sensitive Monotone Lower Bound

Results on e-Sensitive Monotone Lower Bounds

m C.D.M (2021): First e-sensitive monotone |.b against a VNP polynomial
family {f,} with e > 2=9(/"),

m Can we show this for VP polynomial ?

Theorem:

The Spanning Tree polynomials for complete graph on n vertices require
exponential size e-sensitive monotone lower bound in the set-multilinear
setting for e > 2-2(Vn) |

RENEILS

Our lower bound technique crucially uses the discrepancy measure from
Communication Complexity.
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e-Sensitive Monotone Lower Bound

Spanning Tree Communication Problem
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e-Sensitive Monotone Lower Bound

Spanning Tree Communication Problem
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e-Sensitive Monotone Lower Bound

Spanning Tree Communication Problem

Va V=VaH Vs VB
Es={(u—wv) |ue Vy} {(w—v) |w € Vg} =Ep
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e-Sensitive Monotone Lower Bound

Spanning Tree Communication Problem

Va V=VaH Vs VB
Es={(u—wv) |ue Vy} {(w—v) |w € Vg} =Ep

Goal : E4|JEp forms spanning tree rooted at 1 or not ?
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e-Sensitive Monotone Lower Bound

Spanning Tree is Hard Under a Fixed Partition

B A gadget reduction from the Inner Product problem to the Spanning Tree
problem.
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e-Sensitive Monotone Lower Bound

Spanning Tree is Hard Under a Fixed Partition

B A gadget reduction from the Inner Product problem to the Spanning Tree
problem.

m Inner Product: IP(z,y) = >"" | z; - y;(mod 2) is a well known hard problem.
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e-Sensitive Monotone Lower Bound

Spanning Tree is Hard Under a Fixed Partition

B A gadget reduction from the Inner Product problem to the Spanning Tree
problem.

m Inner Product: IP(z,y) = >"" | z; - y;(mod 2) is a well known hard problem.

m We show IP(z,y) = 1 iff the gadget graph G, has a spanning tree.
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e-Sensitive Monotone Lower Bound

The Measure Discrepancy

Bob
00 0 O 00O R=Ax B where A,B C{0,1}™
OO0 0O o O
O
(ONoNoNo) 00O
Alic$© ©©0 00O
OO0 O
OO0 O
OO0 O
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e-Sensitive Monotone Lower Bound

The Measure Discrepancy

Bob
00 0 O 00O R=Ax B where A,B C{0,1}™
OO0 0O o O
O
(ONoNoNo) 00O
Alic$© ©©0 00O
OO0 O
OO0 O
OO0 O

m Disc(R, ) =| ¥ dz)— ¥ &)
TER TER
F(z)=0 F(z)=1
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e-Sensitive Monotone Lower Bound

The Measure Discrepancy

Bob
00 0 O 00O R=Ax B where A,B C{0,1}™
OO0 0O o O
O
Ooo0o0 00O
Alic$© ©©0 00O
OO0 O
OO0 O
OO0 O

m Disc(R, ) =| ¥ dz)— ¥ &)
TER TER
F(z)=0 F(z)=1

m Disc(F,9) = max Disc(R, 9).
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e-Sensitive Monotone Lower Bound

The Measure Discrepancy

Bob
00 0 O 00O R=Ax B where A,B C{0,1}™
OO0 0O o O
O
Ooo0o0 00O
Alic$© ©©0 00O
OO0 O
OO0 O
OO0 O

m Disc(R,0)=| > o(z)— > o).

TER TER
F(z)=0 F(z)=1

m Disc(F,9) = max Disc(R, 9).

m Disc(u, IP(z,7)) < 27%2) [Chor, Goldreich (1988)] = Spanning
Tree problem has low discrepancy.
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e-Sensitive Monotone Lower Bound

A Subtle Issue

] STn = Ztat : ﬁt-
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e-Sensitive Monotone Lower Bound

A Subtle Issue

Bob 1(3)

] STn = Zt Qg - ﬁt- Alice ; '
I(ov @i, Y—T Fla: , vy)

m Every a; - B; gives a different
rectangle with Alice has a; and e —

Bob has f:. (I(w), I(Br)) = [n]
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e-Sensitive Monotone Lower Bound

A Subtle Issue

u STn = Ztat : ﬁt-

m Every a; - B; gives a different
rectangle with Alice has a; and
Bob has g;.

Bob 1(3)

Alice

Il | @ W Flai, w)

(I(ex), I(Br)) = [n]
Every Product polynomial may give
different partition.
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e-Sensitive Monotone Lower Bound

A Subtle Issue

Bob 1(3)

m ST, =, a¢- Br. Alice 5, B i

I(Oét F<$Z ) y])

m Every a; - B; gives a different
rectangle with Alice has a; and e —
Bob has f:. (I(ow), 1(Br)) = [n]

Every Product polynomial may give
different partition.

IP(X,Y) =37, z;y; is not hard under partition
{1, Tny2 Y15 - Ung2) L (Tnja41, - - -5 Trs Yn /2415 - -+ 5 Yn)}-
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e-Sensitive Monotone Lower Bound

Global Measure Via Universal Distribution

m We need a Universal distribution, under which for every nearly
balanced partition, the discrepancy of Spanning Tree problem remains
low.
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e-Sensitive Monotone Lower Bound

Global Measure Via Universal Distribution

m We need a Universal distribution, under which for every nearly
balanced partition, the discrepancy of Spanning Tree problem remains
low.

m We transfer this discrepancy bound to a lower bound using the
following novel correspondence theorem.
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e-Sensitive Monotone Lower Bound

Discrepancy-Sensitivity Correspondence

Let A be a Universal distribution and f be a 0—1 set-multilinear polynomial.
If the communication problem C}; has discrepancy at most v w.r.t A for
every nearly balance partition P, then the monotone complexity of F;, ,,,—¢- f

3 € _6y
is atleast 3 as long as € > =37
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e-Sensitive Monotone Lower Bound

Discrepancy-Sensitivity Correspondence

Let A be a Universal distribution and f be a 0—1 set-multilinear polynomial.
If the communication problem C}; has discrepancy at most v w.r.t A for
every nearly balance partition P, then the monotone complexity of F;, ,,,—¢- f

3 € _6y
is atleast 3 as long as € > =37

We construct an Universal distribution A s.t the discrepancy of Spanning
Tree problem w.r.t A for every nearly balance partition is at most 2~
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Summary and Open Problems

Conclusion and Open Problems

m First strongly exponential separation between Monotone-VP and VP.
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Summary and Open Problems

Conclusion and Open Problems

m First strongly exponential separation between Monotone-VP and VP.

m First exponential size e-sensitive lower bound against a VP polynomial.
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Summary and Open Problems

Conclusion and Open Problems

m First strongly exponential separation between Monotone-VP and VP.

m First exponential size e-sensitive lower bound against a VP polynomial.

Open Problems

m Find Polynomial with polynomial size non monotone formulas and strongly
exponential monotone circuit complexity.

Arkadev C., Rajit D., Utsab G., Partha M. () Monotone Complexity of ST Polynomial March 31, 2023



Summary and Open Problems

Conclusion and Open Problems

m First strongly exponential separation between Monotone-VP and VP.

m First exponential size e-sensitive lower bound against a VP polynomial.

Open Problems

m Find Polynomial with polynomial size non monotone formulas and strongly
exponential monotone circuit complexity.

m Give a strongly exponential size e-sensitive lower bound for a polynomial in
VP.
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Summary and Open Problems

Conclusion and Open Problems

m First strongly exponential separation between Monotone-VP and VP.

m First exponential size e-sensitive lower bound against a VP polynomial.

Open Problems

m Find Polynomial with polynomial size non monotone formulas and strongly
exponential monotone circuit complexity.

m Give a strongly exponential size e-sensitive lower bound for a polynomial in
VP.

m Give sensitive lower bounds against the following polynomials,
Fon£e-det,, and F, ,, £ €-Perm,, .
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There are more exciting open problems in our paper. We invite you to
check the following link
https://arxiv.org/abs/2109.06941

Thank You
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